Conventional kinematic pairs such as revolute and prismatic joints exhibit friction and backlash which prohibit their use within the design of such positioners. Consequently, micro/nano positioning mechanisms typically employ compliant design techniques, which permit continuous, smooth motion free from these effects. Similarly, the use of piezoelectric actuators (PEAs) to provide input to the mechanism produces subnanometer actuation with infinite resolution while having high stiffness [8] .
Combining these together has allowed the development of highprecision positioners exhibiting fast response.
Research efforts have been directed toward the development of positioning stages which produce linear motion with up to three degrees of freedom (DOF) [9] [10] [11] [12] [13] [14] . Typically, these have been designed from parallel kinematic chains; however, stacked serial mechanisms have also been produced [15] . Due to nonlinear effects including hysteresis and drift present within each PEA's response, the development of reliable control methodologies are mandated. Previous studies have proposed feedback and feedforward control methodologies to improve tracking performance [16] [17] [18] [19] [20] [21] [22] . For such feedback and verification purposes, capacitive and laser-based sensing and measurement techniques have commonly been employed to measure the displacement at the micro/nano scale.
Mechanisms with a greater number of DOF have also been developed, which are therefore capable of producing angular motion [23] [24] [25] [26] [27] . Resulting from the limitations presented by the wire electrical discharge machining process, the majority of these stages have three planar DOF, allowing motion in the X, Y , and θ directions. For the design of such mechanisms, the three revolute-revolute-revolute (3-RRR) kinematic chain has gained favor. The angular range of these stages is dependent on the geometric properties of the mechanism, in particular the ratios of linkage lengths, as well as the capabilities of the actuators. Typically, this angular range is in the vicinity of 1-5 mrad.
Research focused toward angular motion has resulted in the development of numerous techniques for high-resolution angular measurement. These include autocollimators, interferometers, position sensitive diode (PSD)-based methods and imagebased methods [28] [29] [30] [31] [32] [33] . Many of these function through measurement of the arc length after the deflection of a laser beam. For these schemes, an increase in the resolution results in a loss of the measurement range-which is often less than 0.5 mrad. However, some techniques have allowed this range to be extended, such as the use of retroreflectors to minimize beam misalignment [34] .
Many of these measurement methods are unsuitable for use with mechanisms for micro/nano positioning. The requirement to produce linear motion coupled to rotation introduces geometric errors into sensor data, or worse can cause beam misalignment preventing correct sensor function. Due to these issues, little research effort has been devoted to the actuation, control, and measurement of a mechanism's pose throughout its entire workspace. The three-DOF systems of Yeh et al. [35] and Choi et al. [36] , as well as the six-DOF systems of Hrabina et al. [37] and Lazar et al. [38] , used laser-interferometry-based measurement techniques to monitor all the axes of motion. In all cases, any rotation was considered to be an error, which a controller would aim to minimize. The maximum angular displacement under feedback control observed in any of these studies was 7 μrad.
In this paper, a methodology to enable pose measurement of a three-DOF planar positioner is developed and experimentally verified. It is based upon a tracking process which counterrotates the target reflector for a laser-based sensing and measurement technique, preventing the misalignment of the measurement beams. In order to detect such a misalignment for a closed-loop control, a PSD-based measurement methodology is developed. Furthermore, modeling of the system response is performed to produce a feedforward-feedback compound controller. Extensive experimentation is conducted to verify the performance of the system, and experimental results are presented.
II. MISALIGNMENT WITHIN MEASUREMENT SYSTEMS
In this paper, the attention is directed toward the use of laser-interferometry-based sensing and measurement techniques. This stems from their practically unlimited range with subnanometer resolution for linear displacement measurement and fast response, making these well suited for feedback control [39] . These systems, which typically employ homodyne or heterodyne interferometry techniques, require careful alignment of the laser beams which traverse the apparatus to produce the requisite interference pattern at the photodetector.
The introduction of tilt of the target mirror therefore produces two undesirable effects. The first of these is the misalignment of the beams within the system, which can either impede the performance of the interferometer, or worse cause misalignment to such an extent that the interference pattern can no longer be measured. The second effect is the introduction of geometric errors within the system output. These can take the form of Abbe and cosine errors, as illustrated in Fig. 1 . Abbe errors will be introduced when the actual measurement axis does not coincide with the desired axis, but can be minimized through careful apparatus setup. Cosine errors, however, are inherent to the production of rotational motion. Thus, it is desirable to minimize such tilt to optimize the performance of laser-interferometrybased sensing and measurement methodologies.
This of course is contradictory to the objective of the measurement of coupled motions in both linear and rotational axes. To this end, this paper proposes a method to enable measurement of pose over a wide range, while simultaneously permitting the utilization of laser-interferometry-based sensing and measurement techniques for displacements in the linear axes. This technique resembles tracking schemes which have been employed to measure the pose of end effectors of robotic arms [40] . This methodology employs a steering assembly fixed beneath the base of the positioning mechanism to provide a counter-rotation to the stage's angular motion, thus preventing the laser system from exposure to beam misalignment. A schematic of the proposed methodology is provided in Fig. 2 . For this apparatus, two linear interferometer axes measure the motion of the platform in the X-and Y -directions. A misalignment detection strategy, which shares the same laser source, measures the deflection of the laser beam due to stage tilt. The output of this sensor provides an error signal to a controller which will rotate the entire mechanism-base assembly in the opposite direction to the misalignment. As the counterrotation will exactly compensate for the rotation of the mechanism's stage, measurement of θ is performed by recording the counter-rotation.
III. EXPERIMENTAL APPARATUS
A 3-RRR flexure-based mechanism, as shown in Fig. 3 , has been utilized as an experimental platform to produce motion with three DOF [26] . The steering assembly which provides the counter-rotation consists of a precision rotation stage driven by a microstepping drive. The drive is capable of 50 800 steps per revolution, and its coupling to the stage provides a further 45 times gear reduction. Hence, a rotational resolution of 2.74 μrad is achievable in a single step. Attached to the shaft of the motor is an inductive angle encoder capable of 65 536 counts per revolution-thus, the angular displacement of the stage is measurable with a resolution of 2.13 μrad. Measurement of the rotation of the mechanism's base is performed directly with a vision-based technique utilizing a confocal microscope and micrometer scale calibration slide. Details of this technique have been covered in prior research [41] . Utilizing this technique, the angular displacement can be measured with 0.29 μrad resolution over a 7.46 mrad range, limited only by the length of the calibration slide.
Misalignment of the measurement beams is detected by a PSD-based detection unit, which will be described in Section III-A. Two high-stability plane mirror interferometers (HSPMI) are mounted along the X-and Y -axes (when the mechanism is in its unactuated state). The X-axis HSPMI records only linear motion. The HSPMI unit in the Y -direction also provides a redundant yaw axis, which is instead measured by the misalignment detection system. A photograph of the experimental apparatus is shown in Fig. 4 .
A computer using a real-time extension performs the data acquisition and analysis, control computations, and actuation tasks. This control computer utilizes 16-bit digital-to-analog and analog-to-digital converters. Control tasks are performed at 125 Hz, while commands to the actuator for the steering assembly can be issued at up to 25 kHz, permitting a maximum angular velocity of 68 mrad/s. 
A. Misalignment Detection Methodology
A novel measurement methodology to measure the misalignment of the laser beam has been developed using a PSD. The approach differs from those of Pisani and Astrua [31] and Zheng et al. [32] through the use of a concave lens to amplify the measured displacement. Fig. 5(a) shows a schematic of the proposed measurement technique.
Without the concave-convex lens pair, the deviation of the laser beam, x, measured a distance R from the target mirror (through the beamsplitter) by the PSD would be approximately the arc length
The only parameter which can be adjusted to increase the resolution is the distance to the sensor. Therefore, large distances are required to achieve adequate resolution. Amplification of this deflection is increased through the addition of a cylindrical plano-concave (PCV) lens placed before the PSD. If the PCV lens with a focal length f is placed at a distance L before the PSD, the thin-lens formula, together with the ray-tracing diagram shown in Fig. 5(b) allows the determination of the displacement of the laser beam as
The resolution can be increased not only through increasing R, but also by decreasing the focal length and changing the distance of the lens from the sensor. However, the introduction of the PCV lens has an unwanted consequence of causing the beam spot to diverge, which can cause the beam reaching the PSD to be larger than its active area, or at least reduce the photocurrent, and thus increasing noise. These effects are mitigated by the placement of a plano-convex (PCX) lens before the beamsplitter, focusing the beam at approximately the position of the PCV lens. The beam does not diverge significantly between the PCV lens and the sensor, and thus a small elliptical beam spot is incident on the PSD.
Instead of a standard beamsplitter, a polarization beamsplitter and quarter waveplate are used to allow the misalignment detection PSD to share the heterodyne laser source used for the two HSPMIs. The PSD is housed within a lightproof enclosure to reduce noise from stray radiation such as heat and ambient room lighting. The entrance into the enclosure utilizes a bandpass filter to prevent light other than that at the laser frequency from reaching the sensor.
The voltage output of the PSD system with a stationary reflector can be seen in Fig. 6 . The dominant source of noise within the raw signal was observed at 50 Hz due to the ambient room lighting and other electrical interference. An eighth-order digital Butterworth filter with a corner frequency of 30 Hz has been applied to the data, which produces significant improvement in the output. After filtering, the noise in the output was less than 5 mV.
The stage was rotated through the full measurement range of the PSD, limited by the 12 mm length of the sensor. Fig. 7 shows the output against the yaw reading of the HSPMI. Within about 500 μrad of the zero position, the output voltage of the PSD and the angular displacement were seen to be directly proportional to each other, as expected from (2). This occurred while the beamspot fell entirely on the active region of the PSD. Outside of this region, the PSD's output saturated, producing the nonlinear output curve seen in the figure. From Fig. 7 , it can be observed that conversion from the voltage to the angular displacement can be performed using the constant of proportionality, found to be 101.4 μrad/V. The resolution will be limited by the noise of the signal, and is therefore 0.5 μrad.
IV. CONTROLLER METHODOLOGY
It is proposed that a compound feedforward-feedback controller be utilized to drive the steering assembly providing the counter rotation. The feedforward component, which is an inversion of a model of the stepper-stage dynamics (H(z) −1 ), provides the coarse input to the motor, while the feedback component acts to eliminate the misalignment of the measurement beams of the interferometry-based measurement system. The θ d input into the feedforward component is provided by the forward kinematics of the flexure-based mechanism. A schematic of this control methodology is shown in Fig. 8 .
A PI controller can be utilized for the feedback component of the control methodology. The error input to this controller is the misalignment measured by the PSD, representing the discrepancy between the rotation of the 3-RRR stage and the counter-rotation of the steering assembly.
As shown in Fig. 8 , the θ displacement is given by the difference between the PSD misalignment measurement θ e and the counter-rotation θ s (provided by the vision-based measurement), as given by
The linear position of the 3-RRR stage can be determined by combining the information obtained from the two linear interferometer axes with the measurement of the angular position. Fig. 9 shows a schematic diagram of the mechanism positioning in response to a coupled motion. Due to the rotation of the stage, which is centered at the location of the end effector in the unactuated position, the (x i ,y i ) coordinates measured by the linear interferometer axes will not measure X and Y directly. As shown in Fig. 9 , the desired coordinates (x, y) are rotated by an angle −θ in the frame of the interferometers due to the counterrotation. Hence, a rotation by θ is required to transform these measurements into the frame of the mechanism's base. This can be performed using a simple 2×2 transformation matrix 
R z via (4)
x y = R z (θ) x i y i = cos θ − sin θ sin θ cos θ x i y i .(4)
A. System Identification and Control Performance Optimization
A model of the system has been produced which has been inverted for the proposed feedforward control methodology. A sinusoidal signal with the frequency exponentially varying from 0.05 to 20 Hz has been used as the control input to the stepper motor, in order to excite the modes of vibration of the stage. The amplitude of the oscillation is 150 μrad to allow the misalignment sensor to be used to measure the response. The PEA inputs were kept at a preload of 25 V throughout the experimental operation. Fig. 10 shows the frequency response of the stepper motor during this excitation.
It can be seen that a resonance peak is encountered at about 16 Hz. A discrete-time linear system model has been identified from the frequency response. Fig. 10 also shows the response for the identified system. The discrete-time transfer function (at a sampling rate of 125 Hz) is as follows:
Tuning of the PI controller has been investigated utilizing the common Ziegler-Nichols method. However, it has been found that the proportional gain which causes the plant to become unstable is inversely related to the magnitude of the initial misalignment error. In other words, the steering assembly's response is nonlinear. Utilizing a small gain ensures the system remains stable at the cost of slow response. Conversely, due to the steering assembly having a minimum step size, setting a higher gain allows small errors to continually be corrected, but would cause instability in the event of any significant disturbances. To account for these considerations, it is proposed that a varying proportional gain dependent upon the magnitude of the error be utilized, as given by
where A, B, and k are adjustable positive parameters. B is chosen to be the largest gain for which the response is stable for all errors. For large errors, the decaying exponential term would be approximately zero, and thus the proportional gain is approximately B. For small errors of the magnitude of a single step, the exponential term is approximately 1; hence, the gain is approximately A + B. A is therefore chosen to allow the system to be responsive to small errors. The decay constant k is chosen to provide a suitable transition between these regimes.
V. WORKSPACE IDENTIFICATION OF 3-RRR MECHANISM
Experimentation to determine the workspace of the mechanism has been performed as a means to verify the ability of the proposed counter-rotation methodology to extend the angular range while enabling pose measurement. From an initial preload of 25 V on each PEA, the mechanism was driven between each of the eight combinations of actuating each PEA with either 0 or 100 V. This operation allowed the edges of the workspace boundary to be identified. Command voltages were changed linearly, with transitions between each motion smoothed by quadratic sections.
For comparison, finite-element modeling (FEM) of the 3-RRR stage has been performed. A meshed model of the mechanism is shown in Fig. 11 . Cylinders along the axis of each actuator have been used to provide the input displacement to the mechanism. Standard ten-node tetrahedral elements have been utilized for the model, and frictionless contact elements provide the connection at the actuation points to the input cylinders. The magnitude of the displacement inputs is calculated from experimental data, using the mean of the stiffnesses of the PEAs (in micrometer per volt) as measured by strain gauges mounted on each actuator. A static structural analysis using ANSYS has been employed to perform the computational analysis.
The misalignment of the laser beam measured by the PSD during experimentation is shown in Fig. 12 . The misalignment was observed to have an RMS value of 2.7 μrad, which is the error of the controller coupled with the noise from the PSD output. This value is less than the step resolution of the stepper Fig. 13 . Workspace of 3-RRR mechanism as measured using the misalignment compensation methodology.
motor. The RMS measurement error is therefore 3 μrad, due to the misalignment and vision-based system errors.
The workspace boundary established during experimentation is shown in Fig. 13 . Table I compares the workspace established by experimentation using the counter-rotation methodology with the output of the computational analysis.
VI. DISCUSSION
The results of the previous section demonstrate the ability of the proposed misalignment compensation methodology to enable pose measurement of three-DOF planar motions over a large range. Experimental results compare favorably to those found through computational analysis. Discrepancies between these two sets of results are mainly due to the hysteresis of the PEAs. Furthermore, using the mean PEA stiffness to calculate the actuation limits simplifies the analysis, when in reality each PEA exhibits a slightly different response and maximum displacement.
The errors in θ measurement result from any uncompensated misalignment, in addition to the maximum resolution of the vision-based measurement technique. However, the errors in the linear axes will have sources in both the counter-rotation provided by the steering assembly as well as those inherent to the laser-interferometry-based measurement method. The largest of these will be due to the center of the unactuated mechanism's end effector being displaced from the axis of rotation of the stage. As the stage rotates, this position will move along a circular arc (in the XY plane) about the axis of rotation, which will be coupled to the desired XY motion. For the stage utilized, this displacement is less than 25 μm. In the worst case, for the maximum −3.675 mrad displacement, this added error will be approximately 91.9 nm. The RMS steady-state error of the linear interferometer axes was found to be 44.1 nm. Therefore, at the maximum rotation the total error in each axis is found to be 101.9 nm. These errors can be reduced through the use of a more precise rotation stage, and the use of shielding to prevent environmental conditions affecting the optical setup.
In coupling the positioning mechanism to the steering mechanism, the two rotation axes will not be perfectly parallel. By considering the deviation of the measurement beam due to a vertical misalignment by an angle β, where the distance from the target reflector to the HSPMI is R i , the measurement error can be found as
This is a cosine error coupled with the effects of the axis misalignment. As this error will vary as θ 2 e , which will be minimized using the proposed methodology, this error will be negligible.
As shown in Fig. 4 , an encoder was mounted directly onto the drive shaft of the stepper motor before the 45-times gear reduction. Despite the rotation stage being preloaded to remove backlash, hysteresis was observed between the encoder reading and the rotation of the reflector. The use of a method to measure the stage rotation directly, provided by the vision-based measurement technique in this case, is necessary in order to gain an accurate measurement of the stage rotation. However, as opposed to the use of the encoder, the frame rate of the camera ultimately places limits on the maximum speed of rotation and the feedback rate for control tasks with the micro/nano positioning stage.
The system model of the stepper stage, (5), which was inverted for use in the feedforward component of the control methodology was linear. However, the difficulties in tuning which led to the development of the feedback controller provided by (6) demonstrate that the steering assembly's dynamics are nonlinear. It is therefore expected that the identification of a linear model would be dependent on the amplitude of the excitation utilized. For the trajectory used to examine the mechanism's workspace, it was found that the feedforward controller alone (with feedback gains set to zero) would yield a maximum misalignment error of about 100 μrad. However, by adding a gain to the feedforward controller (kH −1 ), it was found through manual tuning that the error was minimized with unity gain. Hence, this system inversion utilized is likely to be the most accurate when restricted to linear models. To improve the accuracy of the feedforward controller, more advanced system identification techniques would be required.
Despite these observations, the RMS misalignment error was kept below the step resolution of the actuation system by the compound feedforward-feedback controller. As the feedback controller was able to decrease the misalignment to this level, the use of a linear model of the steering assembly was satisfactory. Further reductions in the misalignment error and rotational precision can therefore be made through improvements in the source of rotational motion. This could potentially be achieved through the use of a direct drive motor to overcome the limitations of fixed stepping distance and discontinuous stepping motion. Furthermore, Fig. 10 indicates the system bandwidth is 18 Hz, which is likely to reduce for larger amplitude oscillations. This bandwidth could be improved by reducing the rotational inertia of the mechanism base.
VII. CONCLUSION
This paper has presented a methodology through which the pose of a micro/nano positioning stage can be measured over a large range in both linear and angular axes of motion. A novel PSD-based misalignment sensing technique has been developed which can measure small angular displacements with high resolution. A feedforward-feedback compound control methodology has been proposed to eliminate misalignment errors, and hence improve measurement outputs. Experimental results have demonstrated the potential of the methodology to extend the angular measurement range while permitting the simultaneous use of linear-interferometry-based sensing techniques for linear axis measurement. Furthermore, these results have shown the capability of the methodology to minimize misalignment errors down to the resolution of the source of rotation of the steering assembly. 
